We present a quantitative study of a two-band k · p model and its description of several electronic and optical properties of monolayer BC2N and GeS, including the shift-current photoconductivity. Our analysis is based on a recently developed Wannier-interpolation scheme. Our results show that, while the band structure, joint density of states and dielectric function are accurately described by the k · p model, it entails a significant error in the case of the shift current. We attribute the origin of this error to an approximation that is implicit in the tight-binding formulation, namely discarding off-diagonal position matrix elements. Our results thus highlight the strong sensitivity of the shift-current mechanism to wavefunction-properties.
I. INTRODUCTION
Quick and efficient conversion of light into electricity is key for future clean-energy technologies. Recently a focus of renewed attention, the bulk photovoltaic effect (BPVE) is a nonlinear absorption process that converts light into electrical current intrinsically, i.e. without the need of any pn-junction for driving the photoexcited electrons. The BPVE can furthermore surpass the Shockley-Queisser limit for the solar-cell efficiency [1] , thus opening the way for devices largely exceeding current capabilities. Alongside, the photovoltage attained in the BPVE is not limited by the band gap of the material, giving rise to huge measured values [2, 3] .
In the last years, the study of the BPVE, and in particular the shift-current contribution, has witnessed a huge progress. This has led to groundbreaking discoveries including large nonlinear photovoltages achieved in Weyl semimetals [3, 4] , a magnetically switchable light-matter interaction [5] , nanotubes exhibiting orders of magnitude enhancement in the measured photovoltage as compared to the mono-and multi-layer value [6] , and even the birth of an extremely promising variant effect, the so-called flexo-photovoltaic effect that turns widely used semiconductors like silicon into nonlinear photoelectrics [7] .
The discovery of many of the aforementioned effects has been boosted by theoretical work. For instance, both model and first-principles calculations have emphasized the connection between topology and the sharp enhancement of the shift current [8] [9] [10] [11] . Low-dimensional compounds such as one-dimensional polymer chains [12] and monochalcogenide single-layers [13] have also been recently investigated theoretically, showing an acute enhancement of the nonlinear response that is intimately linked to the properties of the electronic density of states [14] . Graphitic BC 2 N constitutes another recent example, where theoretical calculations have predicted a large and highly directional band-edge optical response governed by dipole selection rules [15] .
The shift current has a marked quantum nature owing to its strong sensitivity to wavefunction-properties, which makes it an appropriate platform for exploring new phenomena beyond the standard band-structure viewpoint. In a simplified picture, the shift current can be thought of as a real-space shift of the electron's center of mass resulting from the photoexcitation process between the valence and conduction bands in an acentric crystal. As a consequence, the localization properties of the wavefunction become particularly important for describing this mechanism. As noticed by recent works [16, 17] , this may represent a problem for the widely used tight-binding model viewpoint, which discards off-diagonal elements of the position operator and hence important real-space information may be lost. In the prototypical material GaAs, for instance, this approximation entails a relative error of ∼50% on predicting the magnitude of the BPVE photoconductivity [16] .
In this paper we perform a quantitative study of the quality of a two-band k · p model in describing several electronic and optical properties, including the shiftcurrent photoconductivity. We have chosen monolayer BC 2 N and GeS as a case studies due to their twodimensional (2D) nature, which is shared by recent k · p models proposed in the literature [14, 18] . For our analysis, we have made use of a recently developed ab-initio scheme [16] based on maximally localized Wannier functions (MLWFs) [19, 20] . Our results show that, while the band structure, joint density of states and dielectric function are accurately described by the k · p model, it entails a significant error in the case of the shift current. We connect the origin of this error to an approximation implicitly assumed in the tight-binding formulation that amounts to discarding off-diagonal position matrix elements.
The paper is organized as follows. In Sec. II, we review the basic expressions of linear and nonlinear optical properties and their calculation via Wannier interpolation. In Sec. III, we provide the computational details of our abinitio calculations. In Sec. IV we present and analyze our ab-initio and k · p model results on the electronic arXiv:1910.06172v1 [cond-mat.mes-hall] 14 Oct 2019 and optical properties of monolayer BC 2 N and GeS. A discussion of the results is included in Sec. V. Finally, in Appendix A we provide the technical steps that connect quasi-degenerate perturbation theory with the Wannier formulation, which is used for the numerical analysis of the two-band k · p model throughout the main text.
II. THEORETICAL FRAMEWORK

A. Definitions
Consider a monochromatic electric field of the form
with E(−ω) = E * (ω). The associated dc photocurrent density from the linear BPVE reads [21] [22] [23] 
From Ref. 24 , the interband (shift-current) part of the response is given by
n,m
Above, f nm = f n − f m and ω nm = E m − E n are differences between occupation factors and band energies, respectively, and the integral is over the first Brillouin zone, with [dk] = d d k/(2π) d in d dimensions. The transition matrix element is given by
with
the interband dipole matrix, and
its "generalized derivative". In the above expressions,
denotes the Berry connection matrix, with |u km the cellperiodic part of a Bloch eigenstate and ∂ a stands for ∂/∂k a . For comparison purposes throughout the work, let us define two further quantities: the joint density of states (JDOS) per crystal cell,
(v c is the cell volume), and the interband contribution to the absorptive (abs) part of the dielectric function [24] , ab
with the transition matrix-elements given by
In nonmagnetic crystals ab abs is purely imaginary and symmetric, and we report values for Im ab r = Im ab abs / 0 , the imaginary part of the relative permittivity.
B. Wannier interpolation
Wannier functions are expressed as [25] 
where |u (W) kj stand for "Wannier-gauge" Blochlike states; these are related to "Hamiltonian-gauge" Bloch states |u km by a M × M rotation matrix U knj :
Note that we included the Wannier center
in the phase factor of Eq. (11), following the phase convention in Ref. 26 . Wannier interpolation is a Slater-Koster type of interpolation, with the Wannier functions acting as an orthogonal tight-binding basis [25] . This has been shown to provide a smooth k-space interpolation of several quantities [27] . As an example, ab-initio eigenvalues can be Wannier-interpolated by considering the matrix elements of the first-principles HamiltonianĤ k = e −ik·rĤ e ik·r between the Blochlike states of Eq. (12):
Diagonalization of this M ×M matrix yields the Wannierinterpolated energy eigenvalues,
As described in Appendix A, the above quantities, H (W) kij and E kn , can be used for constructing a Wannier-based k · p model via quasi-degenerate perturbation theory. In addition to the eigenvalues, Wannier-interpolation has been shown to provide an efficient method for interpolating the linear optical conductivity involving the position matrix element in Eq. (5) [27, 28] , and more recently nonlinear properties involving the generalized derivative in Eq. (6) [16, 17] . In this work, we follow the approach presented in Ref. 16 and currently implemented into the new version of the Wannier90 code package [29] for the calculation of the shift-current conductivity in Eq. (3).
III. COMPUTATIONAL DETAILS
We have performed density-functional theory calculations using the Quantum ESPRESSO code package [30] . We treated the core-valence interaction using scalarrelativistic projector augmented-wave pseudopotentials available at the Quantum ESPRESSO website. The pseudopotentials were generated with the Perdew-Burke-Ernzerhof exchange-correlation functional [31] , while the energy cutoff for the plane-wave basis expansion was set at 70 Ry. In a postprocessing step, we generated maximally-localized Wannier functions [19, 20] via the Wannier90 code package [32] . Finally, the shift-current spectrum [Eq. In order to model the properties of monolayer BC 2 N, we used a slab geometry with a supercell of length l =20Å along the nonperiodic direction. We took the in-plane structural parameters from Ref. 33 , with lattice vectors a 1 = 2.46xÅ and a 2 = 4.32ŷÅ. The k -point mesh used for the self-consistent calculation was 10 × 10 × 1, while for the non-self-consistent one we used a 15 × 15 × 1 mesh. For the construction of MLWFs, we considered four different sets composed of 2, 4, 8 and 16 disentangled bands. For the initial projections, we used p z orbitals centred at C atoms, p z orbitals centred at every atom, p z and p x orbitals centred at every atom, and s and p orbitals centred at every atom for the sets composed of 2, 4, 8 and 16 bands, respectively. We employed a dense k -point interpolation grid of 2000 × 2000 × 1 in order to achieve a well-converged optical spectrum. For the integrals of Eq. (3), (8) and (9), we used a fixed width of 0.01 eV for the broadening of the delta function, as it was found to properly handle the van-Hove singularities characteristic of two-dimensional (2D) systems.
Following Ref. 14, we defined a 3D-like response using a stacking distance of d = a 2 1 + a 2 2 = 4.97Å and rescaled the calculated response of the slab of thickness l by
Throughout the work we report values for σ abc 3D and omit the 3D subindex, using the notation of Sec. II. We use the same rescaling of Eq. (16) for the dielectric function.
Concerning monolayer GeS, we modelled it by considering the setup of our previous work in Ref. [16] .
IV. RESULTS
A. Monolayer BC2N
The crystal structure of monolayer BC 2 N is shown in Fig. 1 , which is composed of alternating zigzag chains of graphene and hexagonal boron nitride. Its space group is Pmm2 (No. 25), and its point group is mm2. Inversion symmetry is broken, and it contains two mirror planes, M x and M z , as well as a rotation C y 2 about the polar axis. Point-group symmetry allows five out of nine components of the linear BPVE tensor σ abc = σ acb to be nonzero: three involving in-plane directions only (yxx, xxy = xyx, and yyy), and two that also involve z (yzz and zzy = zyz). For the sake of clarity, in this work we will restrict ourselves to analyzing only in-plane components with b = c, i.e., the response to light polarized on the plane.
Ab-initio properties
In Fig. 2(a) we show the dispersion near the band edge at S, with the direct band gap between valence (v) and conduction (c) bands plotted in Fig. 2(b) . The minimum direct band gap is E g ≈ 1.6 eV, which is in good agreement with previous calculations [33, 34] . The S-X line, and hence the band edge at S, remains invariant under both M x and M z , so that the energy eigenstates are also eigenstates of both mirror operators. This implies that the optical properties will be governed by dipole selection rules determined by the relative mirror eigenvalues of valence and conduction bands [15, 35, 36] . We calculated the mirror eigenvalues using the irrep computational package [37] , which indicates that valence and conduction bands have opposite and equal mirror parities for M x and M z , respectively. This implies the dipole selection rule r y kvc = 0 (17) applies at the band edge. Monolayer BC 2 N therefore fulfils the same conditions as the noncentrosymmetric bulk polytype of the same material studied in Ref. 15 . We next turn to analyze the calculated optical properties, namely the nonlinear shift current [Eq. Gap (eV) Eg denotes the band edge value while EΓX marks the energy difference between conduction and valence bands at the dispersion minima midway between Γ and X.
ear dielectric function [Eq. (9)]. In Fig. 3 (a) we display the two symmetry-allowed components for light polarized on the plane, namely yxx and yyy. The maximum corresponds to the σ yxx ∼ 60 µA/V 2 peak at ω ∼ 2.4 eV, which is of the same order as the maximum shift current predicted for other 2D materials like monochalcogenides [13] . σ yyy , in turn, is significantly smaller than σ yxx over all the shown frequency range. In the bandedge region spanning ∼ [1.6, 2.0] eV, σ yyy is virtually zero, as dictated by the dipole selection rule of Eq. (17) when plugged in the matrix element of Eq. (4). Note that the upper bound of the band-edge region, E ΓX ∼ 2 eV, coincides with the onset of strong transitions from valence to conduction bands in the k-space region lying midway between Γ and X points [c.f. Fig. 2 ]; since this is not a M x -invariant line, dipole selection rules do not to apply above E ΓX . Contrary to σ yyy , σ yxx is finite in the band-edge region and shows a step-like feature, reaching a plateau of ∼ 5 µA/V 2 . Turning next to the linear dielectric function, the two symmetry-allowed in-plane components, xx and yy, are shown in Fig. 3(b) . As in the case of the shift current, Im ab r is also affected by the dipole selection rule of Eq. (17) via Eq. (10) in the band-edge region; Im yy r is virtually null while Im xx r is finite and shows a step-like feature. Overall, the shapes of Im yy r and Im xx r are reminiscent of those of σ yyy and σ yxx , respectively. This is in part due to the common position matrix element shared by both quantities, as it can be inferred from the compar- (8)], which is plotted in Fig. 3(c) . It exhibits van-Hove-like singularities at E g ∼ 1.6 eV and E ΓX ∼ 2 eV, as well as a strong peak at ∼ 2.4 eV. Hence, the main features of both the shift current and the dielectric function are inherited from the behavior of the JDOS.
Two-band model
In this section, we construct a two-band k · p model for reproducing the electronic and optical properties of monolayer BC 2 N. This will serve to test the quality of the model in describing the different quantities. We report results calculated using a basis of 16 MLWFs, which were needed to converge the band summation of quasidegenerate perturbation theory (see Appendix A).
A two-band model expanded around a generic k-point can be expressed in terms of Pauli matrices σ i and the identity matrix 1 as
where 0 (k) and f i (k) are real coefficients. The energies of the valence and conduction bands of this model are given by
By employing the Wannier-based quasi-degenerate perturbation theory outlined in Appendix A, we have constructed a two-band model expanded around the band-edge S. The corresponding band dispersion is shown in Fig. 2(a) as dashed lines. Comparison to the DFT band structure shows a nice quantitative agreement in the neighborhood of S, in line with what was found in a similar study in transition metal dichalcogenides [38] .
In the following, we analyze the quality of the twoband k · p model in quantitatively predicting the optical properties of monolayer BC 2 N. Our focus is on the bandedge region, where the shift current and the dielectric function take the form
ab
i.e., at each frequency they are given by the product between the transition matrix-elements and the JDOS. The expression for the shift-current matrix element for the generic two-band model of Eq. (18) was derived in Refs. 14 and 39, and reads
and ε ijm the Levi-Civita symbol (we have omitted k-labels for brevity). Similarly, the linear dielectric function of a generic two-band model can be derived from the expression of the linear conductivity reported in Ref. 18 , and reads
Using the extracted coefficients 0 (k) and f i (k), we have calculated the shift current [Eq. Fig. 3 .
Starting the analysis with the simplest quantity, the JDOS in Fig. 3(c) , the comparison of the k · p prediction to the ab-initio results shows a nearly perfect quantitative agreement in reproducing the height of the van-Hovelike singularity at E g . Above the band gap energy, the ab-initio JDOS grows monotonically; this feature is not captured by the constant prediction of the model, but the discrepancy is rather small. Turning next to the dielectric function in Fig. 3(b) , the k · p prediction for xx k·p matches very well the steplike feature present at the band-edge region in the abinitio calculations, while yy k·p = 0 for the model (not shown). Furthermore, the k·p spectrum for xx k·p is able to reproduce the slight decrease of Im xx r above E g through the 1/ 2 factor in Eq. (23) .
We finish our analysis turning to the shift current spectrum, which is shown in Fig. 3(a) . In contrast to the JDOS and the dielectric function, the k · p prediction for the shift-current component σ yxx k·p at E g overestimates the ab-initio result roughly by a factor five, while σ yyy k·p = 0 for the model (not shown). At larger energies within the band-edge region, the ab-initio result for the yxx component remains nearly constant whereas the k · p prediction shows a marked monotonic decrease.
In conclusion, while the two-band k · p model provides an accurate quantitative description of the band dispersion, JDOS and dielectric function of monolayer BC 2 N near the band-edge region, it fails in doing so for the shift current. A possible source for this failure is analyzed in the next section.
Diagonal tight-binding approximation
In this section, we analyze the quantitative effect of the so-called "diagonal tight-binding approximation" (diagonal TBA). This approximation is a customary postulate assumed implicitly in the tight-binding formulation [26, [40] [41] [42] [43] , which consists on discarding the offdiagonal elements of the position operator. The purpose of considering the diagonal TBA is to determine the extent of its effect for the quantitative prediction of the shift current. This is relevant for putting into context the results of the two-band k · p model of Sec. IV A 2, which implicitly assumes this approximation.
In the notation of Sec. II, the diagonal TBA amounts to setting
where we have introduced the symbol " . =" to denote equalities that only hold only within this approximation. The Wannier-based formalism outlined in Sec. II gives access to the matrix elements 0i|r|Rj , hence it is suitable for analyzing the diagonal TBA through the implementation of Eq. (24) . Furthermore, this analysis can be performed for different sizes of the MLWFs sets, i.e., different number of basis states M entering Eq. (12).
We have considered four different sets including 2, 4, 8 and 16 states spanning the bands lying closest to the Fermi level in Fig. 2 ; the diagonal TBA results are compared with the exact one in Fig. 4a and Fig. 4b for the shift current and the dielectric function, respectively. Starting with the shift current, Fig. 4a reveals a exact value by nearly 50%, the comparison improves significantly for the set with 4 MLWFs, but worsens for the calculations with 8 and 16 MLWFs, the later showing an appreciable relative error of up to 30% in the band-edge region. It is noteworthy that the results of the diagonal TBA for the shift current do not seem to converge with increasing size of the basis set. In comparison, the dielectric function in Fig. 4b is much less affected by the diagonal TBA: the calculation with 2 MLWFs is the only one showing an appreciable relative error of ∼ 15%, while the rest entail less than ∼ 5% relative error.
In order to gain a deeper insight into the nature of the diagonal TBA, we next analyze its effect on the kresolved shift-current matrix-element summed over the valence and conduction bands:
Results for the yxx component are shown in Fig. 5 along the X-S-Y path. This figure again reveals a large dependence on basis-size, which is furthermore k -dependent; while in much of the S-Y line the diagonal TBA is close to the exact value, at the band-edge point S it can be off by as much as a factor 3. We leave the discussion of these results for Sec. V.
B. GeS
GeS is a monochalcogenide belonging to the group IV. The members of this family are centrosymmetric in bulk form, but become polar -and therefore piezoelectricwhen synthesized as a monolayer. The space group of monolayer GeS is Pnma, and the point group is mm2, i.e., it shares the same point group as BC 2 N. As analyzed in Sec. IV A, this point group allows for five independent components of the shift-current conductivity tensor to be finite. In order to facilitate comparison with the results of Sec. IV A, we define the coordinate axes for monolayer GeS by replacing x → z, y → x and z → y as compared to the coordinate axes used in Ref. 13 . In this way, the mirror planes, the ferroelectric polarization axis, and the nonzero shift-current components become the same as those in Sec. IV A.
Ab-initio properties
The electronic and optical ab-initio properties of monolayer GeS where studied in depth in Ref. 13 . Here we present and discuss the properties that facilitate the ensuing discussion. Eg denotes the band edge value while EΓY marks the energy difference between conduction and valence bands at the dispersion minima midway between Γ and Y .
The calculated band structure [ Fig. 6(a) ] shows that the minimum direct band gap of E g ∼ 1.83 eV takes place at the Γ point, which is invariant under both M x and M z mirror symmetries. The calculated mirror eigenvalues [37] indicate that valence and conduction bands have equal mirror parities for both mirror operators. This, in turn, implies that the dipole selection rule r x kvc = 0 (26) applies at the band edge [15, 35, 36] . Note that this is different to the dipole selection rule applying to monolayer BC 2 N [Eq. (17) ].
The dipole selection rule of Eq. (26) manifests in the optical properties close to the band edge, shown in Fig. 7 . Fig. 7(a) shows the two symmetry-allowed components for the shift current under in-plane polarized light, yxx and yyy. Opposite to the case of BC 2 N analyzed in Sec. IV A, in this case σ yxx is virtually null in the band-edge region while σ yxx shows a step-like feature of height ∼ 30 µA/V 2 . Above E ΓY ∼ 1.95 eV, transitions along the ΓY direction start to contribute [see Fig. 6(b) ]; the dipole selection rule does not apply in this k -space region, hence σ yxx becomes finite. Meanwhile, σ yyy exhibits a second step at E ΓY but with opposite sign, hence diminishing the shift-current magnitude.
The dielectric function shown in Fig. 7(b) shares many of the properties of the shift current; the xx component is virtually null in the band-edge region and becomes finite at energies larger than E ΓY , while the yy component exhibits two step-like features, one at E g and another one at E ΓY . The two steps present in both σ yyy and Im yy r are clearly inherited from the behavior of the JDOS, shown in Fig. 7 (c).
Two-band model
In this section we construct a two-band k · p model for monolayer GeS, along the same lines as the one in Sec. IV A 2 for monolayer BC 2 N. We consider the valence and conduction bands at the band edge Γ, and apply quasi-degenerate perturbation theory to extract the expansion coefficients in Eq. (18) . The corresponding band dispersion is shown in Fig. 6(a) as dashed lines, which shows a good quantitative agreement with the DFT results near the Γ point.
In Fig. 7 we show the model results for the optical properties and the JDOS in the band-edge region. The step-like feature of both the JDOS and the finite component of the dielectric function, Im yy r , are quantitatively well described by the model throughout the whole band- edge region. Regarding the finite shift-current component, σ yyy , the model underestimates the DFT value by ∼ 20%. While this discrepancy between model and exact results is significantly larger than the one found in the case of the JDOS and dielectric function, it is nevertheless much less severe when compared to the shift-current prediction in monolayer BC 2 N in Sec. IV A 2, where we found a difference by a factor of 5.
Diagonal tight-binding approximation
The effect of the diagonal TBA on the optical properties of monolayer Ges was analyzed in Ref. [16] , following the same procedure as the one here. Using 16 MLWFs in the basis set, it was found that the relative error entailed by the approximation was ∼ 14% for the shift-current component yyy. This value is in line with the information present in Fig. 8 , which shows the effect of the diagonal TBA on the summed matrix elements [Eq. (25) ] for the yyy component; the discrepancy at the band-edge is ∼ 16%, significantly lower than the same comparison in BC 2 N for the basis with 16 MLWFs [see Fig. 5 ].
V. DISCUSSION
We have performed an analysis of several electronic and optical properties of monolayer BC 2 N and GeS, including the shift-current contribution to the BPVE. Part of our analysis has been based on ab-initio calculations performed within a recently developed approach based on the Wannier-interpolation of the shift current [16] . Our results have shown that the band-edge response encoded into both the dielectric function and the shift current is governed by dipole selection rules associated to the mirror parities of the band-edge states, which determines the directionality of the optical poperties [15, 35, 36] . Above the band-edge region, the peak shift-current response is rather large, on the order of other low-dimensional materials [12, 13] .
We have further constructed a two-band k · p model based on previous works [14, 18, 39] . For this purpose, we have extracted the relevant parameters from our ab-initio calculations by applying quasi-degenerate perturbation theory to the Wannier-based scheme. Our k · p results have provided an accurate quantitative description of the band dispersion, JDOS and dielectric function near the band-edge region in both of the studied systems. In contrast, the k · p prediction for the shift current has shown a significant deviation from the DFT results: it was off by nearly a factor 5 for BC 2 N, while it entailed a much lower yet non-negligible relative error of ∼ 20% for GeS.
As a possible source of this discrepancy, we have performed a systematic analysis of the diagonal TBA; this amounts to discarding off-diagonal elements of the position operator, which is an implicit assumption of the tight-binding formulation. In first place, we have found that the effect of this approximation is much larger on the shift current than on the dielectric function, an indication of the strong wavefunction-sensitivity of the shift mechanism. Secondly, the quality of the k·p model for the shift current seems to be intimately connected to the importance of the diagonal TBA in a given system. Thirdly, our analysis has revealed a marked dependence of the diagonal TBA on the size of the Wannier basis. Furthermore, the results do not converge monotonically, i.e., the wavefunction-overlap giving rise to off-diagonal position matrix-elements does not always decrease with increasing basis-size. Therefore, the possibility of obtaining a wellconverged calculation within the diagonal TBA seems not to be guaranteed.
In conclusion, the diagonal TBA produces a large effect on the shift current due to its strong sensitivity to wavefunction-properties. As a consequence, the use of k · p models for quantitatively analyzing the shift current should be taken with care, even when the parameters are obtained via ab-initio methods.
quasi-degenerate perturbation theory assumes that the set of eigenfunctions of H 0 can be divided into subsets A and B that are weakly coupled by H , and that we are only interested in subset A. This theory asserts that a transformed HamiltonianH exists within subspace A such thatH =H 0 +H 1 +H 2 + · · · (A2) whereH j contain matrix elements of H to the jth power. According to Appendix B of Ref 44, the first three terms areH 0 mm = H 0 mm ,
where m, m ∈ A and l ∈ B. The approximatioñ H ∼H 0 +H 1 amounts to truncating H to the A subspace. By further includingH 2 , the coupling to the B subspace is incorporated approximately, "renormalizing" the elements of the truncated matrix.
where Tr A denotes a trace using the 2 × 2 blocks of H ab and T ab in the A sector, and the last two terms above are obtained inserting Eq. (A12) in Eq. (A16) and taking derivatives. Using H ab =H ba together with
Eq. (A21) can be simplified to
The real quantities f i (0), f i,a (0) and f i,ab (0) given by Eqs. A19, A20 and A23 are sufficient to evaluate the first term of the shift-current matrix element Eq. (A17) (the only nonzero term right at the band edge). As we move away from the band edge, the second term in this equation becomes nonzero.
